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Weak and strong n-doublings (n & N) are defined for an effect algebra P and
the concept of a normal interval algebra is introduced. It is shown that the
following statements are equivalent: (1) There is a morphism from P into an
interval algebra. (2) P admits a tensor product with every finite chain. (3) P has
a weak n-doubling for every n € N. Moreover, the following are equivalent: (4)
P is a normal interval algebra. (5) P admits a strong tensor product with every
chain of length 2%, n € N. (6) P has a strong n-doubling for every n € N.
Finally, it is shown that if P possesses an order-determining set of states, then
P is a normal interval algebra.

1. INTRODUCTION

Effect algebras (or D-posets) have recently been introduced as an alge-
braic structure for investigating the foundations of quantum mechanics (Catta-
neo and Nisticd, 1985; DvureCenskij and Pulmannova, 1994; Foulis and
Bennett, 1994; Giuntini and Greuling, 1989; Greechie and Foulis, 1995;
Kdpka, 1992; Kdpka and Chovanec, 1994; Navara and Ptik, n.d.). This
framework gives a unification of the operational (Davies, 1976; Davies and
Lewis, 1970; Holevo, 1982; Kraus, 1983; Ludwig, 1983/1985) and quantum
logic (Beltrametti and Cassinelli, 1981; Mackey, 1963; Varadarajan, 1968/
1970) approaches to quantum mechanics and yields a natural definition of a
tensor product, a concept that is necessary for the study of combined physical
systems (Davies, 1976; Dvurecenskij, 1995; Dvurecenskij and Pulmannov4,
1994; Foulis, 1989). Interval effect algebras (or interval algebras for short)
form an important class of effect algebras (Bennett and Foulis, n.d.-a,b; Foulis
et al., 1994). These are effect algebras that are constructed from an initial
interval in the positive cone of a partially ordered Abelian group. Besides
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including most of the common effect algebra examples, interval algebras
encompass a powerful group-theoretic structure.

In this paper, we introduce a class of interval algebras that we call
normal interval algebras. This class is still broad enough to include most of
the common examples. In particular, the physically important Hilbert space
effect algebras are in this class. We show that there are two properties that
characterize normal interval algebras. The first is that they admit a strong
tensor product with any chain of length 2%, n € N. The second is that they
possess doubling units that enable them to be iteratively doubled in size. We
also weaken these properties to characterize effect algebras that admit a
morphism into an interval algebra.

A morphism from an effect algebra into the real unit interval is called
a state or probability measure (Bennett and Foulis, n.d.-a; Dvure€enskij and
Pulmannova, 1994; Foulis and Bennett, 1994; Kraus, 1983; Navara and Ptik,
n.d.). States provide a mechanism for describing the statistical properties of
a quantum system. We shall show that an effect algebra possesses a state if
and only if it admits a tensor product with every finite chain. Moreover, we
shall give a sufficient condition that an effect algebra is a normal interval
algebra in terms of the richness of its state space.

2. DEFINITIONS

This section collects some basic effect algebra definitions and results
(Bennett and Foulis, n.d.-a; Dvurecenskij, 1995; Foulis and Bennett, 1994;
Greechie and Foulis, 1995). An effect algebra (P, @, 0, 1) (or simply P) is
a set P together with two distinct elements 0, 1 € P and a partial binary
operation ©: D — P with domain D C P X P such that: (i) (a, b) € D
implies (b,a) e Dand b® a = a® b; (ii) (b,c) e Dand (@, b D ¢) €
D imply (a,b) € D,(@a® b,c) € D,and (a® b) D ¢ = a ® (b O ¢); (iii)
a € P implies there exists a unique @’ e P such that (a, a’) € Dand a ©
a = 1;@{v) (a, 1) € D implies a = 0.

If (a, b) € D, we write a L b and we write a = b if there exists a ¢
€ P such that a © ¢ = b. It can be shown that a L b if and only if a < b'.
Moreover, (P, <, 0, 1, ') is a bounded poset such that a < b implies that b’
< g’ and a¢" = a for all a € P. It follows from (ii) that we can write b =
a, D a, ® --- D a, without parentheses whenever it is defined. In this case,
ifa,=a,i=1,...,n, and b is defined, we write b = na.

For effect algebras P, O, a map ¢: P — Q is said to be (i) additive if
a L b implies d(a) L &(b) and da D b) = db(a) @ d(b); (ii) a morphism
if b is additive and (1) = 1; (iii) amonomorphism if ¢ is a morphism and ¢p(a)
L &(b) implies a L b; (iv) an isomorphism if ¢ is a surjective monomorphism.
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Let P, @, and R be effect algebras. A map B: P X Q — Ris a bimorphism
if forevery a € P, b € Q, B(a, *) and B(:, b) are additive and B(1, 1) = 1.
A bimorphism B: P X Q — R is strong on P(Q) if the morphism B(-, 1)
(B(1, -)) is a monomorphism. If B is strong on P and , we say that (8 is strong.

A simple example of an effect algebra is [0, 1] C R, where a L b if
and only if @ + b < 1, in which case a ® b = a + b. Another example is
an n-chain

C,=1{0,a,2a,...,na=1)}

It is clear that any two n-chains are isomorphic, so we can assume that C,
is a sub-effect algebra of [0, 1] and that a = n~'. A morphism ¢: P — [0,
1] is called a state and we denote the set of states on P by X(P). If Q(P) #
&, we call P stately and if U(P) = &, we call P stateless. There are examples
of stateless effect algebras (Greechie, 1971; Gudder and Greechie, n.d.). Also,
[0, 1] and C, are stately and their unique state is the identity function. A set
of states S on P is order determining if s(a) = s(b) for all s € § implies a
= b.

Let P, Q, and T be effect algebras and let 7: P X @ — T be a bimorphism.
We call (7, 1) a tensor product of P and Q if (i) for any bimorphism 3: P
X Q ~> R, there exists a morphism ¢: 7 — R such that B = ¢ o T; (ii) every
element of T is a finite sum of elements of the form 1(a, b). The tensor
product is unique to within an isomorphism if it exists. We then write T =
P® O, 1(a, b) = a @ b and say that P @ Q exists. It can be shown that if
P and Q admit a bimorphism or if P and Q are stately, then P @ Q exists
(Dvuredenskij, 1995; Dvureéenskij and Pulmannové, 1994). However, there
are effect algebras whose tensor product does not exist (Gudder and Greechie,
n.d.). It is easy to show that C,, ® C, = C,,,, where im™! Q jn~! = ij(mn)™!,
i=01,...,mj=0,1,...,n If P® Q exists and T is strong, we say
that P ® Q is strong.

Lemma 2.1. (i) If P and Q admit a strong bimorphism, then P ® Q is
strong. (ii) If QU(P) and Q) are order determining, then P @ Q is strong.
(iii) If Q(P & Q) is order determining and P & Q is strong, then (}(P) and
Q) are order determining. (iv) If P ® Q exists and Q, is isomorphic to a
sub-effect algebra of Q, then P & @, exists. Moreover, if P ® Q is strong
on P, then so is P & Q.

Proof. (i) Let B: P X Q@ — R be a strong bimorphism. Since a bimorphism
exists, P @ Q exists. By the definition of a tensor product there exists a
morphism ¢: P ® Q — R such that B(a, ¢) = ¢(a® c) foralla e P, c €
Q. Suppose that a ® 1 L b @ 1. Then, since bla X 1) L (b @ 1), we
have B(a, 1) L B(b, 1). Since B is strong, we conclude that a L b. Similarly,
if 1 ®c L 1®d, we have ¢ L d. Hence, P ® Q is strong. (ii) Suppose
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Q(P) and I (Q) are order determining. For s € Q(P), t € (}(Q), define the
bimorphism B;,: P X @ — [0, 1] by B, a, b) = s(a)i(b). By definition of
the tensor product there exists a morphism ¢, ,: P @ @ — [0, 1] such that

s(@)(c) = Bsa, ©) = &, (a B c)

foralla e Lce Q. Ifa®1 1L b®1,then o la ® 1) L ¢, (b &® 1) for
every s € P), t € (UQ). Hence, s(a@) + s(b) = 1, so s(a) = s(b') for
every s € ((P). Since ()(P) is order determining, we conclude that a 1 b.
Similarly, if 1 ® ¢ L 1 ® d, then ¢ L d. Hence, P ® Q is strong. (iii)
Suppose YP @ Q) is order determining and P & Q is strong. For s € (P
® Q), define the state p, € Q(P) by pya) = s(a@a ® 1). Suppose pla) =
s(b) for every s € QP ® Q). Then s(a ® 1) = s(b ® 1) for every s &
QP ® Q) and since (P &® Q) is order determining, a ® 1 = b ® 1. Hence,

a@1=p"®1=0'"®1)

soa®1 1L b & 1. Since P Q is strong, we have a L b’,s0a < b. We
conclude that {}(P) is order determining. Similarly, }(Q) is order determining.
(iv) Let &: Qy — Q be an isomorphism to a sub-effect algebra of Q. Define
B: P X Qy— P® Qby B(a, b) = a® &(b). Then clearly B is a bimorphism,
s0 P ® Q, exists. If B(a, 1) L B(b, 1), thena ® 1 L b ® 1. Assuming that
P ® Q is strong on P, we have a L b. Hence, B is strong on P and it follows
from Part (i) that P ® Q, is strongon P. m

Let G be an additively written, partially ordered Abelian group (Bennett
and Foulis, n.d.-a; Fuchs, 1963; Goodearl, 1986). Let u € G with u > 0 and let

=G0, ul={geG0=g=u}

Then P can be organized into an effect algebra (P, @, 0, u) by defining a ©
b if and only if @ + b = u, in which case a D b = a + b. In the effect
algebra P we have a’ = u — a and the effect algebra partial order on P
coincides with the restriction to P of the partial order on G. An effect algebra
of the form G*[0, u] (or isomorphic to an effect algebra of this form) is called
an interval effect algebra or, for short, an interval algebra. Notice that [0,
1] = RY[0, 1] and C, = Z'[0, n] are interval algebras. Since an interval
algebra is stately (Bennett and Foulis, n.d.-a), an effect algebra admits a
morphism into an interval algebra if and only if it is stately.

If (P, ®, 0, 1) is an effect algebraand 0 # u e P, let

P[0, u]={aeP:OSaSu}

Then (P[0, u], ©, 0, u) is an effect algebra, where a @ b is defined if and
only if a ® b = u, in which case a ® b = a & b. Finally, if P;, i = 1, .. .,
n, are effect algebras, it is easy to show that their Cartesian product P; X
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-+« X P, is an effect algebra with its componentwise partial operation (Bennett
and Foulis, n.d.-a; Foulis et al., 1994).

3. TENSOR CHAIN ALGEBRAS

An effect algebra P is a tensor chain algebra if P Q C, exists for every
n e N.

Lemma 3.1. An effect algebra P is a tensor chain algebra if and only if
P @ C, exists for every n e I, where I C N is infinite.

Proof. Suppose that P ® C, exists for every n € I, where I C N is
infinite. Let m € N and let n € I with m < n. Defining

B: PXC,>PRC0,1 ®@mn ]
by B(a, jm™") = a ® jn~!, we see that B is a bimorphism. Hence, P ®
C, exists. m

Suppose that P ® C, exists for every n e I, where I C N is infinite.
We say that

a®@®n P Pa,@®n1eP®C,

where n € I is I-irreducible if a, @ m™ ' ® --- @ a, ® m™! is not defined
for m € I withm < n.

Lemma 3.2. If P ® C, exists for every n € I, where I C N is infinite,
then for every a; € P, i = 1, ..., j, there exists a unique m e [ such that
a;®m' @ - D a;®m!is Lirreducible.

Proof. Assume the hypothesis of the lemma and leta; € P, i =1, ...,
jIfnelwithj=<n,thena ®n'®D--- D a; ®n!is defined in P ®
C,. Indeed, applying the effect algebra axioms, we have

1Qjn'=1Q@n '@ ---Q1Dn! (j summands)
=[a;®@n ' Dai®n D - D[a;Q®n ' Daj ®n']
Since a; @ n™! @ -+ @ a; ® n7! is a subsum of the right side, this sum is
defined (DvureCenskij, 1995; Foulis and Bennett, 1994). Letting m be the

smallest integer in / such that a; @ m™' @ -+ @ 4; ® m™! is defined, we
have the result. m

Theorem 3.3. An effect algebra P admits a morphism into an interval
algebra if and only if P is a tensor chain algebra.

Proof. If P admits a morphism into an interval algebra, then P is stately.
Hence, P is a tensor chain algebra. Conversely, suppose P is a tensor chain
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algebra. Let A, = P® Cy,j € J = {0, 1, 2, ...} and notice that Ay = P.
Let I = {2/: j € J} and define

F = {a € UA;: a is I-irreducible}

Fora=a1®2—”‘@"'€Baj®2"’",b=b1®2'”€5“'®bk®2_"e
F, we define a + b = ¢, where

c=a1Q927D---Dag 27D 27D Db Q2"

is I-irreducible. Then P C F, + is a commutative binary operation on F and
0 e Pis an additive identity. Moreover, it is easy to show that + is associative,
so (F, +, 0) is a commutative monoid. If a + b = 0, thena, b € P and a
@ b = 0. Since P is an effect algebra, it follows that a = b = 0.

For a, b € F as given previously, we write a ~ b if

a1®2"€9“°®(1j®2"=b1®2"€B---€Bbk®2" (1)

for some r € J. It is clear that ~ is reflexive and symmetric. Now, if (1)
holds, then it follows from properties of the tensor product that (1) holds
with r replaced by p, where r = p. This observation makes it clear that ~
is transitive, so ~ is an equivalence relation. Moreover, this observation
enables us to show that a ~ ¢, b ~ d implies thata + b ~ ¢ + d, so ~ is
a congruence relation. We denote the equivalence class containing a € F by
[a] and we let F = {[a]: a € F}. Since ~ is a congruence relation, we have
a well-defined operation + on F given by [a] + [b] = [a + b]. It also
follows that {F, +, [0]} is a commutative monoid. If [a]l + [b] = [0], then
f[a+ b] =[0] = {0}. Hence,a + b = 0,s0a = b = Q0 and [a] = [b] =
[0]. Thus, {F, +, [0]} is a positive, commutative monoid.

Now suppose that [a] + [b] = [a] + [c], so [a + b] = [a + c]. We
conclude that there exists an r € J such that

3 Q27"® - DagR27DH Q27D ---DH Q27"
=a1®2_’€B"'@aj®2_’®cl®2_’€9"°€Bc,-®2"

Applying the cancellation law for effect algebras (Foulis and Bennett, 1994),
we conclude that

bl®2-r®...®bk®2—r=Cl®2—r@...®ci®2—r

Hence, b ~ ¢, so [b] = [c]. Hence, {F, +, [0]} is a positive, cancellative,
commutative monoid. It follows from Birkhoff’s theorem (Birkhoff, 1942;
Fuchs, 1963) that {F, +, [0]} can be enlarged to a partially ordered Abelian
group (G, +, 0) that has F as its positive cone. Corresponding to 1 € P, let
u = [1]. For a € P, since [a] + [a'] = [1], we have

0=0l=[al=[ll=u
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Hence, [a] € G*[0, u] and we define ¢: P — G*[0, u] by d(a) = [a]. Then
d(1)=[l]=uandifa, b € P with a L b, we have

d@Db) =[a®b] = [a+ b] = [a] + [b] = d(a) D $(b)

Therefore, ¢ is a morphism from P into the interval algebra G*[0, u]. =
We conclude from Lemma 3.1 and Theorem 3.3 that if P is stateless,
then P @ C, does not exist for all but finitely many n € N. This generalizes
some results in Gudder and Greechie (n.d.) and shows that there are many
examples of pairs of effect algebras that do not admit a tensor product.

Lemma 3.4. For effect algebras P;,i = 1, . . ., n, their Cartesian product
P, X --- X P, is an interval algebra if and only if each P; is an interval
algebra,i = 1,...,n.

Proof. 1t is well known that the Cartesian product of a finite number of
interval algebras is an interval algebra (Bennett and Foulis, n.d.-a; Foulis et
al., 1994). Conversely, suppose that P; X --- X P, is an interval algebra.
Then there exists an isomorphism ¢: P, X --- X P, — G*[0, u] for some
partially ordered Abelian group G. Letting v = ¢(1, 0, ..., 0), we have

$d0,...,00=0<v<u=4¢(1,...,1)
For a € P, we have
0=<¢@0,...,00=¢1,0,...,0)=v

Define the mapping ¢: P, — G*[0, v] by ¥(a) = &g, O, ..., 0). Then
clearly, ¢ is a monomorphism. If g € G*[0, v], then g = d(ay, .. ., a,) for
somea; € P,,i=1,...,n. Since

day,...,a)=v=4¢(1,0,...,0)

we have (a1, ...,a,) =(1,0,...,0),s0a;,=0,i= 2, ..., n Hence, g
= d(ay, 0, . ..,0) = Y(a,), so ¥ is surjective. Therefore, s is an isomorphism.
It follows that P, is an interval algebra and in a similar way, P,, ..., P, are
also interval algebras. ®

Lemma 3.5. For effect algebras Py, ..., P,, we have s € (MP; X ---
X P,) if and only if s has the form

n
s(ay, ...,a,) = 21 )\j(i)p'j(i)(aj(i))
=

where Wi € Q(Pj(i)), Aj(,') > 0, i= 1, A (N and 271:1 )\j(i) =1.
Proof. Suppose s: P; X --+ X P, — [0, 1] has the above form. Then

S(l) = S(l, ‘e 1) = 2 )\.](,)}Lj(,)(l) = 2 )\J(i) =1
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Moreover, if (a;, ..., a,) L (by,..., b)), thena; L b;,i=1,...,n, and
we have

s((als---aan)@(bly ,bn)) =s(al®blv~"’an®bn)
= 2 Nokolaio D bip)
= 2 Nokol@o) + 2 Nokio®io)
=s(ay,...,a,) + s(by, ..., by

Hence, s € U(P; X --- X P,). Conversely, suppose s € (P, X -+ X P,).
Let \; = s5(0,...,0,1,0,...,0), where 1 appears in the ith component
and let j(i), i = 1, ..., m, be the indices such that \;; # 0. Define p;:
Pyp — [0, 1] by

p,j(,)(a) = )\R,';S(O, ey 0, a, 0, ‘e 0)

where a appears in the j(i)th component. Then p,;»(1) = 1 and if a, b € Py
with a L b, we have

}Lj(,')(d@b)= _R,%S(O,...,0,0@1),0,...,0)
= Np[s(©, ...,0,a,0,...,000(,...,0,5,0,...,0)]
= NSO, ..., 0,a,0,...,0) + Ags@, ..., 0,5,0,...,0)

= W@ + wp®)
Hence, p € UPyy), i = 1, ..., m. Moreover, since \; = O implies s(0,
...,0,a,0,...,0) = 0 for every a € P;, we have
stag, ..., a,) = 5((a,0,...,0D---B@O,...,0,a,)
= 5(a,0,...,00+ - +50,...,0,a,)

=2 Nolo@e ™

The following corollary shows that Theorem 3.3 cannot be strengthened
to prove that a tensor chain algebra is an interval algebra.

Corollary 3.6. There exist tensor chain algebras that are not interval
algebras.

Proof. Let P, Q be effect algebras where P is stateless and Q is stately.
Applying Lemma 3.5, we have Q(P X Q) = (Q) in the sense that s €
QP X Q) if and only if s(a, b) = u(b) for some p. e (Q). Hence, P X
Q is stately, so P X Q is a tensor chain algebra. If P X Q were an interval
algebra, it would follow from Lemma 3.4 that P is an interval algebra, which
is a contradiction. ®
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Corollary 3.6 shows that there exist many stately effect algebras that
are not interval algebras. For example, let P be stateless and suppose {}(Q)
is order determining. Then (P X @) = (Q), so P X Q has a large supply
of states, but P X Q is not an interval algebra. Notice, however, that Q(P
X Q) is not order determining, because s(a, 0) = O foreverya € P, s €
QP X Q).

Let C = {j27" n,j e N U {0},j < 2"}. Then C is a sub-effect algebra
of [0, 1] and Cy is a sub-effect algebra of C for every n € N. The next
result follows from Lemma 2.1(iv) and gives further characterizations of
tensor chain algebras.

Corollary 3.7. For an effect algebra P, the following statements are
equivalent. (i) P is stately, (ii)) P ® [0, 1] exists, (iii)) P ® C exists, (iv) P
is a tensor chain algebra, (v) P admits a morphism into an interval algebra.

4. DOUBLING TENSOR CHAIN ALGEBRAS

An effect algebra P is a doubling tensor chain algebra if P @ Cy exists
for all n € N and is strong on P. This section shows that a doubling tensor
chain algebra is an interval algebra.

Lemma 4.1. If P ® C, exists, then P & C, is strong on C,.

Proof. Suppose that 1 ® in™! 1 1 ® jn~!. We now assume that i + j
> n. Then there exists ak e NwithO < k=nsuchthati +j=n + k.
Now k < i or k = j, since otherwise i, j < k and we have

ntk=i+j<2%s=n+k

which is a contradiction. Without loss of generality, assume that k < j. Then

1eio19i-10'010 i fp10t-101010"

n n n n n n
This implies that | ® kn™! = 0 and since | @ n™! < 1 @ kn"', we have 1
® n~!' = 0. But then for » summands we have
11 =1Qn!'®---D1Q®n =0

which is a contradiction. Hence, i + j < n,soin"! L jn'inC, =

This last lemma shows that if P is a doubling tensor chain algebra, then
P ® Cyn is strong for all n € N. An interval algebra G*[0, u] is normal if
a € G" satisfies 2"a < 2"u for some n € N, then a < u. We call G*[0, u]
regular if a, b € G*[0, u] satisfy a L a, b 1 b, then we have a L b.

Lemma 4.2. If G*[0, u] is normal, then it is regular.



1094 Gudder

Proof. Suppose a, b € G*[0, u] satisfy a L a, b L b. Then
2a+b)y=2a+2b=u+u=2u

Since G*[0, u] is normal, we have a + b = u. Hence, a L b, so G*[0, u]
is regular. =

Most of the common interval algebras are normal. For example, C,, [0,
1], and Hilbert space effect algebras (Foulis and Bennett, 1994; Greechie
and Foulis, 1995) are normal. In fact, we shall show that if Q(G*[0, u]) is
order determining, then G*[0, u] is normal. However, the diamond D = {0,
a, b, 1}, where 2a = 2b = 1 and a [t b, is an interval algebra (Bennett and
Foulis, n.d.-a; Foulis et al., 1994), which clearly is not regular. Hence, by
Lemma 4.2, D is not normal.

Theorem 4.3. An effect algebra is a doubling tensor chain algebra if and
only if it is a normal interval algebra.

Proof. Let P be a doubling tensor chain algebra. We proceed as in the
proof of Theorem 3.3, where we showed that ¢: P — G*[0, u] is a morphism,
where $(a) = [a]. We now show that ¢ is an isomorphism. Suppose that a,
b e P with ¢(a) L (b). Then [a] + [p] = [1], so there exists a

c=¢Q2"D--B;®2™™eF
such that [a + b + ¢] = [a] + [b] + [c] = [1]. Hence, for some r € J, we have
a®27"DbR27D, R27D--- B ®2 =127
Summing this equation 2" times gives
a®10bR1Dc;Q1D---D;®1=101

Hence, a @ 1 L b ® 1 and since P @ Cyr is strong on P, we have a L b.
Thus, ¢ is a monomorphism. To show that & is surjective, suppose 0 =< [c]
< [1], where c¢ has the previous form. Then there exists a

d=d®2"D---DPd,R®2"eF
such that [¢ + d] = [¢] + [d] = [1]. Hence, for some r € J, we have
27D D R2Dd 27D -Dd B2 =102
Summing this equation 2" times gives
®1D - O R®1DPdR1D---DdB®1I=1Q1
As before, we conclude that ¢; L c,. Hence,

1D D1 =((DPc)V1D---B;®1



Chain Tensor Products and Interval Effect Algebras 1095

Continuing by induction, it follows that ¢, © - -+ © ¢; is defined. Since c is
irreducible, we have

c=¢c,D--Dc;eP

Hence, [c] = ¢(c), so & is surjective and ¢ is an isomorphism. We next
show that G*[0, u] is normal. Suppose [c] € G* = F and 27[c] = 27 (1] for
some p € N. Then there exists a d € F of the previous form such that 2?
[c] + [d] = 27{1]. Hence, for some r € J, we have

200, Q27D - D2 Q27D Q27D - DA ®2TT=2P1Q 27
It follows that p < r and

1 ®227D - D ®227Dd Q27D - DA, R2T =122
Summing this equation 2"? times gives

a1 ®1D--- D ®1Dd 227D - D427 7"=1Q1
As before, we conclude that ¢ € P, so [c] = [1] and G*[0, u] is normal.

Conversely, let G*[0, 4] be a normal interval algebra and let §: P —
G*[0, u] be an isomorphism. For n € N, it is clear that G*[0, 2"u] is an
interval algebra. Define the bimorphism B: P X Cy» — G*[0, 2"u] by B(a,
j27™ = jua). Suppose that B(a, 1) L B(b, 1). Then B(a, 1) © B, 1) is
defined so 2™(a) D 2™U(b) is defined in G*{0, 2"u]. Hence, Y(a) D Yi(b) is
defined in G*[0, 2"u] and we have
2"((a) D U(b)) = 2"P(a) © 2"y(b) = 2"u

Since G*[0, u] is normal, we have {i(a) © Y(b) < u. It follows that Ys(a) L
Y(b) in G*[0, u]. Since § is an isomorphism, we conclude that a 1 b, so B
is strong on P. Applying Lemma 2.1(i), it follows that P ® C,» is strong on
P. Hence, P is a doubling tensor chain algebra. =

The following result strengthens a theorem in Bennett and Foulis (n.d.-a).

Corollary 4.4. If Q(P) is order determining, then P is a normal inter-
val algebra.

Proof. This follows from Lemma 2.1(ii) and Theorem 4.3. =

The converse of Corollary 4.4 does not hold. For example, the nonstan-
dard unit interval *[0, 1] is a normal interval algebra. However, Q(*[0, 1])
contains only one element and this state vanishes on the infinitesimals.

5. DOUBLINGS

Let (P, ©, 0, 1) be an effect algebra and suppose there exisis a u € P
such that 2"u = 1 for some n e N. If an effect algebra Q admits a morphism
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into P[0, u], we call P a weak n-doubling of Q and if Q admits an isomorphism
onto P[0, u], we call P an n-doubling of Q. Moreover, we call u an n-doubling
unit if 2"a exists implies a < u. Finally, if Q admits an isomorphism onto
P[0, u), where u is an n-doubling unit, we call P a strong n-doubling of Q.
If n = 1, we refer to these as (weak, strong) doublings. Doublings have been
previously considered in Bennett and Foulis (n.d.-b).

If Q = G'[0, u] is an interval algebra, then G*[0, 2"4] is an n-doubling
of Q, so every interval algebra admits an n-doubling for every n € N.
However, the next result shows that an interval algebra need not admit a
strong n-doubling.

Theorem 5.1. For an effect algebra Q, the following statements are
equivalent. (i) Q is a normal interval algebra. (ii) Q admits a strong n-doubling
for every n € N. (iii) Q is a doubling tensor chain algebra.

Proof. To show that (i) implies (ii), let G*[0, ¥] be a normal interval
algebra. If @, 2"a e G*[0, 2"u], then 2"a = 2"u. Since G*[0, 4] is normal, a
=< u. Hence, u is an n-doubling unit, so G*[0, 2"u] is a strong n-doubling of
G*[0, u]. If Q is isomorphic to G*[0, u], we conclude that Q admits a strong
n-doubling for every n € N. To show that (ii) implies (iii), suppose ¢: Q
— P[0, u] is an isomorphism, where u is an n-doubling unit. First notice
that if ¢ € P[0, u] and j € N with j =< 2", then jc is defined in P. Indeed,
since ¢ @ ¢’ = u, we have

27 @2’ =2(c DPc)y=2u=1

Hence, 2°c is defined, so jc is also defined in P. It follows that the map (3:
Q X Cy — P given by B(a, j27") = jd(a) is well defined. Since § is a
bimorphism, Q@ ® C?" exists. Suppose that B(a, 1) L B(b, 1). Then B(a, 1)
@ B(b, 1) is defined, so

2'(d(a) D d(B)) = 2"d(a) D 2"d(b)

is defined in P. Since u is an n-doubling unit, we have ¢(a) D d(b) =< u, so
$(a@) L d(b) in P[0, u]. Since ¢ is an isomorphism, @ L b, so B is strong
on Q. Applying Lemma 2.1(i), we conclude that P @ Cp is strong on P.
Hence, Q is a doubling tensor chain algebra. That (iii) implies (i) follows
from Theorem 4.3. =

We now study the relationship between chain tensor products and weak
n-doublings.

Theorem 5.2. If P @ Cyn exists, then P @ Cyn is a weak n-doubling of
P. Conversely, if a weak n-doubling of P exists, then P & C, exists.
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Proof. Suppose that P &Q Cprexists andletu = 1 ® 27" € P ® Cyn. Then
2u=1Q®1=1e PRCp

Let Q = P ® Cy[0, u] and define &: P — Q by &d(a) = a ® 27" Notice
that a ® 27" < u, so indeed d(a) € Q. Moreover, P & C,» is an n-doubling
of Q. To show that ¢ is a morphism, we have &(1) = 1 ® 27" = u. Now
suppose that a, b € P witha L b. Thena ® 27" L b ® 27", s0 d(a) L
&(b) in P ® Cyn. Also,

@) DIb) =aQR2"DbR2"=@DOHR2"=1Q2 " "=u
Hence, ¢d(a) L &(b) in Q and
daDb)=(@a®b)yR2™ = da) D b(b)

Therefore, ¢ is a morphism, so P ® Cyn is a weak n-doubling of P.

Conversely, suppose Q is a weak n-doubling of P. Then there exists a
morphism &: P — Q[0, u} where nu = 1. Define B: P X Cy» = Q by B(a,
j27") = jdb(a). Proceeding as in the proof of Theorem 5.1, we conclude that
B is a bimorphism. Hence, P & Cy» exists. =

Corollary 5.3. For an effect algebra P, the following statements are
equivalent. (i) P is a tensor chain algebra, (ii) P admits a weak n-doubling
for all n € N, (iii) P admits a morphism into an interval algebra.
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